Abstract. We study lines and twisted cubics on cubic fourfolds with simple isolated singularities. We show that the Hilbert scheme compactification of the total space of Starr's fibration on the space of twisted cubics on a cubic fourfold with simple isolated singularities and not containing a plane admits a contraction to a singular projective symplectic variety of dimension eight. The latter admits a crepant resolution which is a deformation of the symplectic eightfold constructed from the space of twisted cubics on a smooth cubic fourfold. Thereby we give another proof of the fact that the latter is a deformation of the Hilbert scheme of four points on a K3 surface. We also show that the variety of lines on a cubic fourfold with simple singularities is a singular symplectic variety birational to the Hilbert scheme of two points on a K3 surface.
Introduction
By [LLSvS] the space M 3 (Y ) of generalized twisted cubics on a smooth cubic fourfold Y ⊂ P 5 not containing a plane admits a regular contraction to an irreducible holomorphic symplectic manifold Z(Y ). The latter turned out to be deformation equivalent to the Hilbert scheme of four points on a K3 surface by [AL14] . In this note we study M 3 (Y ) for cubic fourfolds Y with simple isolated singularities and not containing a plane. In this case we can also produce a variety Z(Y ) and it will be a singular symplectic variety in the sense of Beauville [Be99] . By work of Namikawa it follows that Z has a symplectic resolution which is a deformation of the variety constructed in [LLSvS] .
Corollary 5.7. If Y is a cubic fourfold with simple isolated singularities and if Y does not contain a plane, then the variety Z(Y ) admits a symplectic resolution, which is deformation equivalent to Z(Y ) for a smooth cubic fourfold Y not containing a plane.
The spaces M 3 and Z are compactifications of Starr's rational fibrations M • 3 Z • P 4 . As Starr has shown, Z • P 4 is birational to a Jacobian fibration, see section 6, which is known to be an irreducible symplectic manifold deformation equivalent to a Hilbert scheme of points on a K3 surface. Thus using Huybrechts' theorem we obtain another proof that the irreducible symplectic manifolds Z(Y ) for smooth Y are deformations of a Hilbert scheme of points on a K3 surface.
Corollary 6.3. If Y is a smooth cubic fourfold not containing a plane, then Z 3 (Y ) is deformation equivalent to the Hilbert scheme of 4 points on a K3 surface.
On the way, we also study the Fano varieties of lines M 1 (Y ) for singular cubic fourfolds and obtain singular symplectic varieties. A cubic fourfold with simple singularities has an associated K3 surface, which is the minimal resolution of the variety of lines through a singular point.
Theorem 3.6. Let Y ⊂ P 5 be a cubic hypersurface with only simple isolated singularities and let S be an associated K3 surface. Then the Fano variety M 1 (Y ) ⊂ Gr(V, 2) is a singular symplectic variety, which is birational to Hilb 2 (S).
Certainly, we may draw the same conclusion as in Corollary 5.7, namely that M 1 (Y ) has a symplectic resolution which is a deformation of the variety M 1 (Y ) of lines on a smooth cubic fourfold Y , see Corollary 5.8. The variety M 1 (Y ) was shown to be an irreducible symplectic manifold in [BD85] .
Structure of the article. The line of argument is the same for M 1 and M 3 and works as follows. Connectedness is transferred from the smooth case via a Stein factorization argument and normality (in particular, irreducibility) is shown by a dimension estimate of the singular locus. The de Jong-Starr construction gives a 2-form on the smooth part of M 1 respectively the dense open subset of M 3 parametrizing aCM-curves. Section 2 recalls the construction in the smooth case, in particular we observe that smoothness of Y is not needed to obtain the P 2 -fibration. The 2-form on M 3 thus descends to a generically nondegenerate 2-form on Z . Section 3 is logically independent and treats M 1 . First, we establish some basic facts about singular cubic fourfolds and the lines they contain. The new result in this section is the proof of normality as sketched above and of symplecticity in the sense of Beauville.
For the latter it has to be shown that the symplectic form on the smooth part extends holomorphically over exceptional divisors on some resolution of singularities. This is shown using symplecticity of an explicit birational model of M 1 , namely a Hilbert scheme of points on the associated K3 surface. Examination of M 1 is also necessary to obtain the dimension estimates on the singular locus of M 3 which is done in section 4. The issue is to bound the dimension of the locus of 3-planes whose intersection with Y is a badly singular cubic surface. The argument sketched above is carried out for M 3 in section 5. As in the smooth case one faces the difficulty that the divisor of non-CM curves is a degeneracy divisor for the symplectic form, but it can be contracted. The extension property of the resulting 2-form is verified as for M 1 using an explicit birational model, namely Starr's fibration, whose construction is explained in section 6. Finally, we deduce that M 3 of a smooth cubic is a deformation of the Hilbert scheme of four points on a K3 surface using Namikawa's theory of deformations of singular symplectic varieties and Huybrecht's result on deformation equivalence of birational hyperkähler manifolds.
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1.1. Notations. We denote by M d (P 5 ) the Hilbert scheme compactification of the space of rational normal curves of degree d in P 5 and we call its elements generalized rational normal curves. For a closed subvariety variety X ⊂ P 5 we denote by M d (X) the space of generalized rational normal curves of degree
is just the Fano variety of lines in X. We will write M d (X, p) for the subscheme of generalized rational normal curves passing through a given point p ∈ X. If V is a locally free sheaf on a quasi-projective C-scheme S, we denote by O V (1) the universal rank one quotient of V on P S (V ). For a subscheme X ⊂ P n we will denote by P X := span X the smallest linear subspace of P n containing X.
The P 2 -fibration
In this section we review the construction from [LLSvS] . Let Y ⊂ P 5 = P(V ) be a smooth cubic fourfold not containing a plane and denote by M 3 (Y ) ⊂ Hilb 3n+1 (Y ) be the component of the Hilbert scheme of Y containing twisted cubics. There are two morphisms
where a is a smooth P 2 fibration and b is birational, see [LLSvS, Theorem B] . We will suppress the dependence on Y if there is no danger of confusion. Every curve C ∈ M 3 spans a P 3 inside P 5 and so we obtain a morphism
see [LLSvS, §1] . The fibration a is constructed universally over the Grassmanian G. This means the following. Fix a four dimensional quotient V − → W and denote by S ⊂ P(S 3 W ∨ ) the subset of the space of cubic surfaces corresponding to integral cubic surfaces. Let H 0 be the component of the Hilbert scheme of P 3 containing twisted cubics and let R ⊂ S × H 0 be the incidence variety of curves on (integral) cubic surfaces. Let H be the variety from [LLSvS, Thm 3 .13] such that we have morphisms R
where a univ is a smooth P 2 -fibration and δ univ is generically finite. We let the space P(W ) vary in P(V ) and obtain the same picture in the relative situation over the Grassmanian :
A cubic fourfold Y not containing a plane gives rise to a section γ Y of the bundle projection 
where all squares are cartesian.
Finally, we recall the dichotomy for curves in M 3 (P 5 ): there is a Zariski open subset parametrizing curves that are arithmetically Cohen-Macaulay (aCM). This property, which is stronger than being Cohen-Macaulay, means that the affine cone over such a curve is Cohen-Macaulay. The complement of the set of aCM curves is a smooth divisor J(P 5 ) ⊂ M 3 (P 5 ), whose points correspond to curves that are not Cohen-Macaulay (non-CM curves). We refer to [LLSvS, §1] and references therein. We record the following properties of non-CM curves on cubic hypersurfaces.
Proposition 2.2. In the situation of Proposition 2.1 there is an effective Cartier divisor
Let C ⊂ Y be a non-CM curve. Then it is given inside P C = P 3 by a singular plane cubic C ⊂ C together with an embedded point supported some p ∈ (C ) sing , see [LLSvS, §1, (2) ].
If the plane P C is not contained in Y , then C = Y ∩ P C so that C is determined by P C . Note also that the cubic surface S C = Y ∩ P C is necessarily singular at p as the Zariski tangent space of C at p has dimension 3. Consequently, P C is contained in the tangent space T p Y ⊂ P 5 . Conversely, given p ∈ Y and linear subspaces P 2 ⊂ P 3 ⊂ T p Y of the indicated dimensions, we can produce a non-CM curve in M 3 (Y ). This yields a bijective morphism 
Singular cubics and lines on them
We record some basics on singular cubics. Let Y ⊂ P 5 be a cubic hypersurface. A frequently used tool will be the variety M 1 (Y, p) of lines through a given point p ∈ Y . Projection from p gives a natural embedding of this variety into the P 4 of lines through p ∈ P 5 which we will identify with a hyperplane H ⊂ P 5 not containing p. Hence, we have embeddings
Proposition 3.1. Let Y ⊂ P 5 be an integral cubic hypersurface and fix a point p ∈ Y . If p is a singular point of Y , then one of the following holds
and Y is a cone over a cubic threefold with vertex p.
(2) dim M 1 (Y, p) = 2, more precisely it is the complete intersection of a cubic and a quadric in P 4 .
If p is a non-singular point of Y , then one of the following holds (3) dim M 1 (Y, p) = 1, more precisely it is the complete intersection of a cubic and a quadric in P 3 (4) dim M 1 (Y, p) = 2 and Y contains a plane.
Proof. If dim M 1 (Y, p) = 3, the subvariety of Y swept out by these lines has dimension 4 and as Y is integral it has to coincide with Y . Thus, Y is a cone with vertex p. Choose a coordinate system x 0 , . . . , x 5 on P 5 such that p has coordinates [0 : . . . : 0 : 1]. We write the equation
] is a homogeneous polynomial of degree i. Then p ∈ Y is singular if and only if f 1 = 0. Let us denote by H i ⊆ P 5 the subscheme defined by f i . The variety M 1 (Y, p) can be realized in P 4 = {x 5 = 0} as the intersection H 1 ∩ H 2 ∩ H 3 . Thus, if p is a singular point and Y is not a cone, then dim M 1 (Y, p) ≤ 2 and it is also the intersection H 2 ∩ H 3 . It remains the case where p is non-singular. As above dim M 1 (Y, p) ≤ 2 and it is given by the intersection of H 2 and H 3 in P 3 = P 4 ∩ H 1 . If dim M 1 (Y, p) = 2, then it is given either by H 2 or by H 3 or H 2 and H 3 have a common component. In this case, M 1 (Y, p) contains a line so that the cone over this line is a plane contained in Y . This completes the proof.
Example 3.2. The polynomial f = x 2 5 x 4 + x 5 x 2 4 + x 3 0 + x 3 1 + x 3 2 + x 3 3 defines a smooth cubic hypersurface Y ⊂ P 5 and p = (0, 0, 0, 0, 0, 1) lies on Y . Then Y contains a plane, for example given by x 4 = x 0 − x 1 = x 2 − x 3 = 0, and M 1 (Y, p) is a cubic surface and can be realized by x 4 = x 5 = 0 = x 3 0 + x 3 1 + x 3 2 + x 3 3 . So case (4) of Proposition 3.1 really occurs. Proof. For a suitable choice of coordinates x 0 , . . . , x 5 in P 5 the cubic Y is given by a polynomial of the form
where deg f i = i and p = (0, 0, 0, 0, 0, 1). Then S can be realized in the hyperplane H ⊂ P 5 given by x 5 = 0 as the vanishing locus of the ideal I S = (f 2 , f 3 ). As Y does not contain a plane, it is neither reducible, nor a cone over a cubic threefold and thus dim S = 2 by Proposition 3.1. So S is a complete intersection and therefore deg S = 6. To show that S is normal, it suffices to show that its singular locus has dimension 0. From the Jacobi criterion we see that if Y is singular at a point p = (p 1 , p 2 ) different from p, then p 1 is a singular point of S. Conversely, if S is singular at a point p 1 ∈ H, then either there is a singular point p ∈ Y with π p (p ) = p 1 where π p : Y \ p − → H is the projection from p or the quadric Q ⊂ H defined by f 2 = 0 is singular at p 1 . Suppose that dim S sing = 1. As the singularities of Y are isolated, there has to be a curve Σ ⊂ S such that Q is singular along Σ. Hence, Q is singular along P Σ = span Σ ⊂ H and rkQ ≤ 4 − dim P Σ . If Σ is a line, then Y contains the plane spanned by Σ and p. If dim P Σ ≥ 2, then Q is reducible and S contains a cubic surface. As cubic surfaces always contain lines, Y would again contain a plane. So we see that S has isolated singularities only. Let p 1 be a singular point of S. If C = {f 3 = 0} and Q were both singular at p 1 , then Y would be singular along the line pp 1 . But Y has isolated singularities, so we see that S has embedding dimension 3 at p 1 . Suppose next that the singularities of Y are simple. Then the same is true for S by [W99, Theorem 2.1]. Hence, its minimal resolution is a K3 surface. To prove the last statement, note that (Y, p) is an A 1 -singularity if and only if the Hessian of f has rank 5 which means that f 2 has to have rank 5 as well. Thus, the Jacobian criterion shows that in this case S is non-singular if and only if Y is non-singular outside p.
The Fano variety M 1 (Y ) of lines on a smooth cubic fourfold Y has been studied in [BD85] . It was shown that M 1 (Y ) is an irreducible symplectic manifold if Y is an arbitrary smooth cubic and that it is isomorphic to a Hilbert scheme of two points on a K3 surface of degree 14 if Y is Pfaffian. We will investigate the case of singular cubic fourfolds. This is needed for the proof of the main result, but should also be of independent interest. As in section 2 we denote by G the Grassmanian Gr(V, 4) and by V − → W its universal quotient bundle. Let P ⊂ G × P 5 be the universal family of lines on P 5 = P(V ) and let p 1 : P − → G and p 2 : P − → P 5 be the projections. Let us consider the exact sequence
on G. The vector bundle E := S 3 W has rank four and a defining equation
Proof. Let K be as in (3.2). Projection to the second factor makes the variety R := P G (K * ) ⊂ P 5 × P(S 3 V ∨ ) into the universal family of Fano varieties of cubic fourfolds. The general fiber of R − → P(S 3 V ∨ ), the Fano variety of lines on general smooth cubic, is connected. Let R − → Q − → P(S 3 V ∨ ) be the Stein factorization. Then Q − → P(S 3 V ∨ ) is finite and birational, hence an isomorphism as P(S 3 V ∨ ) is a normal variety and Q is connected. So every fiber of R − → P(S 3 V ∨ ) is connected. This completes the proof.
Proposition 3.5. Let Y ⊂ P 5 be a cubic hypersurface with only isolated singularities and suppose that Y is not a cone over a cubic threefold. Then the Fano variety M 1 (Y ) ⊂ Gr(V, 2) is a locally complete intersection, normal and irreducible and is singular at worst at the codimension ≤ 2 set Σ of lines passing through a singular point of Y .
Proof. As M 1 is connected by Proposition 3.4 it suffices to show that it is irreducible along its singular locus. Let E = S 3 W be the vector bundle of rank four from (3.2). The defining The following observation seems to be interesting in its own right. Recall from [Be99] that a singular symplectic variety is a normal variety together with a symplectic form on its regular part which extends to a holomorphic 2-form on every resolution of singularities. Recall that by Lemma 3.3 the variety of lines on through a singular point is a singular K3 surface, i.e. its minimal resolution is K3. Thus, M 1 is Gorenstein, as by Proposition 3.5 it is a locally complete intersection. We have to show that σ extends to a regular 2-form on some resolution of singularities. Admitting the birationality statement for the moment, we obtain the extension property as follows. Let us denote byS the minimal resolution of S which is a K3 surface by Lemma 3.3. Then there is a resolution of indeterminacy
where W is a smooth variety. As Hilb 2 (S) is smooth and symplectic, we find K W ≥ 0. Then Remark 3.7. The construction of the birational map is maybe not new but it turned out that giving a proof was easier than finding a reference. One of the important points in the proof of Theorem 3.6 was to show that M 1 has rational singularities. If we could show this directly, we would not need to resort to the explicit birational model Hilb 2 (S) in order to prove extension of the two form.
Remark 3.8. The condition on not being a cone is certainly necessary as otherwise M 1 (Y ) would contain a divisor D isomorphic to a cubic threefold. If M 1 is normal, the restriction of a symplectic form on M 1 to D would be non-zero at the generic point of D for dimension reasons. This contradicts the fact that a cubic threefold does not contain any non-zero holomorphic 2-form.
Next we observe that most singular cubics are rational. This is well-known and not logically necessary for the rest of the paper. We include it nevertheless to underline the parallels to the Beauville-Donagi construction, see [BD85, Proposition 5]. Moreover, it is interesting to note that current conjectures on when a cubic fourfold is rational can be phrased in terms of
Lemma 3.9. Let Y ⊂ P 5 be a cubic fourfold with an isolated singularity in p ∈ Y . If Y is not a cone, then it is rational.
Proof. If ⊂ P 5 is a line through p and not contained in Y then mult p ≤ deg Y = 3. Also mult p ≥ 2 as p ∈ Y sing . Projection from p gives a morphism π p : Y \ {p} − → H ∼ = P 4 . As Y is not a cone with vertex p, this map is generically quasi-finite. Hence, for a general line through p, mult p = 2 and π p is birational.
Remark 3.10. It is not coincidence that this argument breaks down for cones over smooth cubic threefolds. Indeed, rationality of the cone would imply that the corresponding cubic threefold is stably rational. Smooth cubic threefolds are known to be irrational, but to the best of our knowledge not a single cubic threefold is proven to be stably irrational. Stable rationality would imply the existence of what is called a decomposition of the diagonal, but this was shown to be a difficult problem in [Vo14, Theorems 1.4 and 1.5].
The locus of singular surfaces
For the proof of normality of M 3 (Y ) and of generic symplecticity of Z (Y ) it is crucial to have dimension estimates on the locus of curves C ∈ M 3 such that the cubic surface S = Y ∩ P C cut out by the linear span of C has singularities worse than ADE. As we will suppose that Y does not contain a plane, there are three classes of singular cubic surfaces: surfaces with ADE singularities only, simple elliptic surfaces, which are cones over a smooth plane cubic, and integral, non-normal surfaces, whose singular locus is necessarily a line. We refer to [LLSvS, §2] for details and further references. We will need the following lemmata.
Lemma 4.1. Suppose that the cubic hypersurface Y ⊂ P 5 has only isolated singularities and does not contain any plane. Then the set of P ∈ G such that S P := Y ∩ P is a cone over a plane curve is of dimension ≤ 4.
Proof. First observe that Y is not a cone over a cubic threefold, because the latter contains a line and thus Y would contain the plane generated by such a line and the vertex of Y . Therefore, the variety M 1 (Y, p) of lines through a given point p ∈ Y has dimension ≤ 2 by Proposition 3.1. By the argument of [LLSvS, Proposition 4 .3] for a non-singular point p ∈ Y there are at most two P ⊂ P 5 such that S P is a cone with vertex p. A slight generalization of this yields our lemma. Let p ∈ Y be a singular point. As before we choose a hyperplane H ⊂ P 5 not containing p and look at M 1 (Y, p) ⊂ X = Y ∩ H. We are looking for
is a curve of degree three. Let P with this property be given. By Proposition 3.1 the variety M 1 (Y, p) = Q ∩ C is the complete intersection of a quadric Q and a cubic hypersurface C in P 4 . As P ∩ Q contains K we must have P ⊂ Q so that rkQ ≤ 4. If rkQ ≤ 2, then Q contains a P 3 and therefore M 1 (Y, p) contains a line and Y contains the plane span (p, ) contradicting the assumption. If rkQ is 3 or 4 then there are one respectively two one-dimensional families of planes in Q so that the set of all P for which S P is a cone with vertex P is at most one dimensional. As the singularities of Y are isolated, the claim follows.
Non-normal cubic surfaces are exactly those, which are singular along a curve. In this case, their singular locus has to be a line.
Lemma 4.2. Suppose that the cubic hypersurface Y ⊂ P 5 has only isolated singularities and does not contain any plane. Then the set of P ∈ G such that the singular locus of S P = Y ∩ P is of dimension one is of dimension ≤ 4.
Proof. Suppose that the cubic surface S P is singular along the line = P(L). If does not meet Y sing , then P is uniquely determined by by the argument of [LLSvS, Prop 4 .2]. Otherwise, write P 5 = P(V ) and look at the exact sequence 0 − → U − → V − → L − → 0. As ⊂ Y , the cubic polynomial f defining Y is in the kernel of S 3 V − → S 3 W . Denote by f 1 ∈ U ⊗ S 2 L its leading term, which we interpret as a map f 1 : U ∨ − → S 2 L. Then Y is singular along points of exactly at the common zeros of im f 1 on . Hence, rkf 1 ≥ 1. On the other side, let V ϕ − − → W be a 4-dimensional quotient such that P = P(W ) cuts Y in a surface that is singular along and denote by K the kernel of ϕ. Then K ⊂ U and as S P is singular along , the restriction of f 1 to (U/K) ∨ vanishes. Therefore, rkf 1 ≤ 2. The biggest linear section of Y which is singular in is cut out by P(V /N ) where N = (im f 1 ) ∨ . If rkf 1 = 2, then P = P(V /N ) is uniquely determined by . If rkf 1 = 1, then P is a hyperplane in P(V /N ) containing and the set of all these form P(U/N ) ∼ = P 2 . As Y does not contain a plane we have dim M 1 (Y, p) ≤ 2 for all p ∈ Y . The statement now follows as also those P where rkf 1 = 1 are parametrized by a variety of dimension ≤ 4.
The essential conclusion can be summed up in the following Corollary 4.3. Suppose that the cubic hypersurface Y ⊂ P 5 has only isolated singularities and does not contain any plane. Let Σ ⊂ G be a subset of dimension ≤ 6. Then the preimage of Σ under s :
Proof. Let M 3 − → Z be the P 2 -fibration from Proposition 2.1 and let δ : Z − → G be the map to the Grassmanian. Let Σ cone ⊂ Σ be the subset of P such that Y ∩ P is an elliptic cone singularity. Then dim Σ cone ≤ 4 by Lemma 4.1. By [LLSvS, Corollary 3 .11], δ −1 (Σ cone ) ⊂ Z has dimension ≤ 6 and thus its preimage in M 3 has dimension ≤ 8. The map δ mentioned there is exactly our δ univ from (2.1), from which δ : Z − → G is obtained as a pullback. In the same vein one shows that the preimage of the non-normal locus has dimension ≤ 8 thanks to Lemma 4.2. As all other P ∈ Σ cut Y in a cubic surface with at worst ADE singularities, we conclude the proof by invoking once more [LLSvS, Corollary 3.11]. Proof. We argue as in Proposition 3.5, that is, we give a bound for the dimension of the singular locus and deduce normality from Serre's criterion. M 3 (Y ) is cut out from M 3 (P 5 ) by a section in a rank 10 vector bundle. Thus, every irreducible component has dimension ≥ 10. We will show that the singular locus of M 3 (Y ) has dimension ≤ 8. First we will bound the dimension of the locus Σ ⊂ M 3 of curves meeting Y sing . The set of P ∈ G containing a given point is isomorphic to a Gr(3, 5) and thus of dimension 6. As the singularities of Y are isolated, we may conclude by Corollary 4.3 that Σ has dimension ≤ 8. Let C be an aCM curve in M 3 \ Σ. The proof of [LLSvS, Theorem 4.7] shows that M 3 is smooth in C of dimension 10. So the intersection of M sing 3 with the aCM-locus has dimension ≤ 8. The non-CM locus is a Cartier divisor by Proposition 2.2 and by Proposition 2.3 it may be identified with J := J(Y ). As a variety is smooth at smooth points of a Cartier divisor, a singular point of M 3 which lies on J is contained in the singular locus of J and Sing J has dimension 7. Put together, M 3 is smooth in codimension 1 and locally a complete intersection, therefore normal by Serre's criterion. In particular, M 3 is irreducible and has dimension 10. Clearly, the second statement is a consequence of the first, as smoothness descends along the
The contraction and symplecticity
We may draw the following important consequence.
Lemma 5.3. If Y is a cubic fourfold with simple isolated singularities not containing a plane, then there is a holomorphic 2-form σ on Z (Y ) reg and a canonical divisor is given by K Z = mD where m ∈ Z >0 . In particular, K Z is Cartier.
Proof. As in Theorem 3.6 the construction of de Jong and Starr [dJS04] yields a holomorphic 2-form σ 3 on M 3 (Y ) reg . It descends along the P 2 -fibration a : M 3 − → Z to a holomorphic 2-form σ on (Z ) reg . If σ is degenerate, it is so along a divisor. Using an argument of de Jong and Starr [dJS04] as in [LLSvS, 4.4 ] the form is non-degenerate at points c where there is a point in a −1 (c) corresponding to a smooth cubic C ⊂ Y which does not pass through Y sing . This is always the case, if c is of aCM type and the cubic surface S c = Y ∩ P c has ADE-singularities by [ Lemma 5.4. There is an exact sequence
on D and we have the following identities:
Note that det U ∨ Ω is a line bundle, whereas U Ω is a coherent sheaf of rank 1.
Proof. The existence of the exact sequence and the first identity are shown as in [LLSvS, Proposition 4.5] . We immediately deduce the other identities using (5.1).
This enables us to perform the contraction. Proof. The arguments of Lemmata 4.12 and 4.13 from [LLSvS] work equally well in the case of a singular cubic Y , so that L is nef and a curve C ⊂ Z with deg L| C = 0 is necessarily contained in the fibers of D − → Y . It is evident from Corollary 5.4 that indeed for all curves C contained in a fiber of D − → Y we have deg L| C = 0. We will show that there is n 0 such that L ⊗n is basepoint-free and contracts D along the morphism D − → Y . Outside D the inclusion B − → L is an isomorphism and as B ⊗n is basepoint-free on Z for some n 0, the map composition
So L ⊗n has no basepoints outside Z. We may assume that n ≥ m + 2 where m ∈ Z >0 is such that K Z = mD, see Lemma 5.3. We consider the exact sequence
By the Kawamata-Viehweg vanishing theorem [KM98, Theorem 2.70] we conclude that 
Starr's fibration
We briefly recall Starr's unpublished construction of a rational Lagrangian fibration on Z(Y ) for cubics Y with a single ordinary double point. I am grateful to Jason Starr for allowing me to do so. The fibration is constructed on a birational model of M 3 (Y ) and then it is shown to descend to Z (Y ), so birationally there is a fibration on Z(Y ). In particular, the argument shows that Z(Y ) is a deformation of Hilb 4 (S) where S is a K3 surface of degree 6 in P 4 .
Let S ⊂ P 4 be a K3 surface of degree 6 and consider a linear system |B| ∼ = (P 4 ) ∨ of hyperplane sections. Let B − → |B| be the universal curve and let M := Hilb 6 (B/|B|) be the Hilbert scheme of six points supported on curves of the linear system |B|. We denote by J the compactification of the Jacobian fibration of B − → |B| in the moduli space of semi-stable sheaves on S. The variety J is known to be an irreducible symplectic manifold birational to Hilb 4 (S) if for example all curves in the linear system are integral, see [Be91] . Hence, 
where the horizontal maps are birational. In particular, there is a rational Lagrangian fibration
Proof. Let H ⊂ P 5 be a general hyperplane not containing p. Then S can be realized in X = Y ∩ H and by Lemma 3.3 its minimal resolution is a K3 surface so that the last statement of the theorem would follow from the existence of the commutative diagram. Let C ∈ M 3 (Y ) be a smooth curve not contained in H and such that p / ∈ P C = span C. We will produce a pair (B, D) where B is a hyperplane section of S and D is an effective divisor of degree 6 on B. Let π p : Y \ p − → H be the projection from p and consider the twisted cubic C := π p (C) ⊂ H. We denote by P ⊂ H its span. Then B is obtained as the intersection P ∩ S. As to D, note that in general C is not contained in Y . Therefore, X intersects C in 9 points, three of which lie on C. Let D be the six points in X ∩ C not lying on C. As D ⊂ P , the inclusion D ⊂ B follows if the cone over D with vertex p, which is a union of six lines, is contained in Y . But as these lines contain a point of C , a point of C not in H and the point p (necessarily with multiplicity ≥ 2), they have to be contained in Y . Thus, we obtain a rational map M 3 M by C → (B, D). Conversely, given a generic hyperplane section B of S and a generic effective divisor D of degree 6 on B we look at the span P of B in H, which is a P 3 . There is a unique twisted cubic C through D. Moreover, C ∩ B is precisely D as B lies on a unique quadric surface in P which intersects C in no more than 6 points. The curve C is not the one we are looking for as it is not contained in Y . Let K be the cone over C with vertex p, this is a cubic surface in P 4 = span B, p . Its intersection with Y is a curve of degree 9 and contains the cone over D which consists of six lines coincident at p. Thus, the residual curve C is of degree 3 and we will show that it has to be a twisted cubic curve. Indeed, if q ∈ C is not in B, then the line q connecting p with q is not contained in Y . As it has multiplicity 2 in p, it intersects Y in exactly one point. Thus, the residual curve C maps bijectively to C under the projection from p. So we obtain a rational map M M 3 , (B, D) → C. Clearly, these constructions are inverse to each other. As the maps M J and M 3 − → Z are P 2 -fibrations and as a P 2 cannot map non-trivially to an abelian variety, this birational map descends to a birational map Z J .
Remark 6.2. Starr's theorem gives another proof of irreducibility of Z(Y ) and M 3 (Y ) if Y has simple singularities. Indeed, every irreducible component of M 3 (Y ) has dimension ≥ 10 as is observed in the proof of Lemma 5.1 so that the map M 3 M is defined on a dense open subset of M 3 . As M is irreducible and birational to M 3 , the latter is also irreducible.
This allows us to draw the following conclusion for Z(Y ).
Proof. Take a generic cubic fourfold Y with an A 1 -singularity. Then by Corollary 5.7, the variety Z(Y ) is deformation equivalent with a crepant resolution Z(Y ) of Z(Y ). The variety Z(Y ) is birational to the Jacobian fibration J − → P 4 by Starr's result, Theorem 6.1, and J is known to be a deformation of the Hilbert scheme of four points on a K3 surface, see [Be91] . Summing up, we have
birat J ∼ def o Hilb 4 (K3).
As Z(Y ) and J are both irreducible symplectic manifolds, the claim now follows from Huybrechts' theorem [Hu03, Theorem 2.5] saying that two birational (smooth) irreducible symplectic manifolds are deformation equivalent.
